In this paper we introduce a new methodology to price American put options under stochastic interest rates. We construct a binomial tree for the forward risk adjusted process and calculate analytically the expected early exercise value in each point. For American puts the correlation between the stock price and the interest rate has di erent in uences on European option values and early exercise premiums. This results in a nonmonotonic relation between this correlation and the American put value. Furthermore, there is evidence that the early exercise premium due to stochastic interest rates is much larger than established by other researchers. 
Introduction
American stock option valuation has been an important research subject over the last two decades. However, in most research it is assumed that interest In this paper we develop a new method to value American stock options with stochastic interest rates. In stead of a multivariate binomial tree as in Ho et al. 1997 we construct a simple binomial tree for the stock price divided by the price of the zero coupon bond that matures at the maturity date of the option.
In fact, we construct a tree for the so-called forward risk adjusted measure. In each node of the tree the quotient of the stock price and bond price is constant and there are combinations of stock and bond prices for which immediate exercise is optimal and other combinations for which this is not the case. We derive for each node in the tree an analytic expression for the expected immediate exercise premium conditional on this quotient of stock and bond prices. This immediate exercise premium is added to the value that is derived from the familiar backward procedure.
For our method we only need a simple binomial tree in contrast to the multivariate tree of Ho et al. 1997 . Also Chung 1997 uses the forward risk adjusted measure, but just as Ho et al. 1997 he considers options that are only exercisable at two xed points in time. Then values of options are derived by applying the backward procedure to the forward risk adjusted tree. Next Ho et al. 1997 apply Richardson extrapolation to approximate the value of the American option under stochastic interest rates. We allow for early exercise at each point of our tree and do not use Richardson extrapolation. In fact, our more re ned trees show that prices derived by Richardson extrapolation signi cantly underestimate the true American put option value.
If Ho et al. 1997 want to re ne their Richardson extrapolation and consider the possibility of exercising at three xed points in time, they would need a multivariate tree with six underlying variables. As stated before, our methodology uses only one tree and at the same time allows for early exercise in each point o f the tree.
Of course, both European and American option prices depend among others on the correlation between the interest rate process and the stock price process.
It is interesting to see that with increasing correlation between the interest rate process and the stock price process, and hence a decreasing correlation between bond and stock prices, the values of European options increase, while the values of the early exercise premium decrease. For American options this might result in a non-monotonic relation between the correlation coe cient and the option 4 price.
Especially, for long term options it is not always clear which interest rate should be used in a nonstochastic interest rate option pricing model. Our model allows for the incorporation of a full term structure model. Hence, it does not only justice to the stochastic nature of interest rates, but also takes both short and long term rates into account in an appropriate way. This paper is organized as follows. In the next section we explain our basic methodology for pricing American options with stochastic interest rates. In section 2 we give n umerical illustrations of our methodology. We look at convergence issues, the in uence of the stochastic interest rates and the correlation between stock and bond price processes. Furthermore, we compare our results with those of Ho et al. 1997 and of Chung 1997 and consider the in uence of the shape of the term structure on option prices. Section 3 concludes the paper. ;Td as explained above. Hence, an analytic expression for 7 can be given using standard procedures.
In the next section we compare the binomial tree values of European options with their analytical counterparts to assess the convergence properties of the tree.
Numerical Examples
In this section we will illustrate our methodology with some numerical examples and it is divided in four subsections. In this rst subsection we assess the convergence properties of our binomial tree. We consider both European, where we also have anlytic solutions and American options. In the second subsection we consider the in uence of stochastic interest rates on the values of European and American put options and especially consider di erent correlations between the stock price process and the interest rate process. In subsection 3 we will compare our results with those of Ho et al. 1997 and Chung 1997 . In these three subsections we assume that the initial term structure is at. In the nal subsection we relax this assumption by looking at upward sloping and downward sloping initial term structures. 
Convergence properties

The in uence of stochastic interest rates
In table 1 European and American put option prices are given for di erent v alues of the interest rate and the volatility of the underlying stock, where we vary the coe cient of correlation among the rows of the table. E E Vstands for the early exercise premium and is the di erence between the American put option price P and the European put option price p. In the nonstochastic interest rate case N S we have set 2 = 0. In all other cases 2 = 0.01 and the mean reversion parameter a = 0 :1. All prices are calculated with binomial trees with 100 steps.
Most interesting is the in uence of the correlation between the interest rate process and the stock price. If the correlation increases, and hence the correlation between bond and stock prices decreases, the European option price increases while the early exercise value decreases. This results in an American option value that is no longer monotonic as a function of the correlation coe cient. This is also illustrated for some speci c cases in gures 2.1 and 2.2. If the correlation between interest rates and stock prices increases, the correlation between bond prices and stock prices decreases and the volatility of the quotient of stock and bond prices increases. Hence, in the forward risk adjusted measure the volatility of this quotient which determines the European option price is higher and thus the European option price is higher. However, a lower correlation means that low stock prices come with higher interest rates, which makes it more attractive to early exercise put options. Hence, the in uence of the correlation coe cient di ers for the European option value and the early exercise value. a European option and an option that is exercisable at maturity or half way, T = 2 between the actual date and the maturity date. Therefore, these authors do not specify a full term structure model, but only the volatility of the price at time T = 2 of a bond that matures at time T and the correlation of this bond with the stock price. Hence, in order to compare our methodology with the above mentioned ones, we have to set the volatility of the interest rate process 2 , the mean reversion rate a and the correlation such that these imply the same volatility and correlation as in the other papers for the price at time T = 2 of a bond that matures at time T. The variances and covariances are explicitly given in appendix 1 and from these 2 only specify the variance of the price of a particular discount bond over a speci c time interval, we will never get exactly the same prices in P M V 2 SR as for the other methods. Hence, the higher values in column 11 are due to the extended exercise possibilities and Richardson extrapolation does not seem to work very well for American options with stochastic interest rates. The early exercise premiums seem to bevery large, but this is due to the negative correlations between the interest rates and stock prices. Low stock prices come with high interest rates and hence in these cases early exercising is very pro table. In case of a positive correlation between stock prices and interest rates the early exercise premium is much smaller as shown in gures 2.1 and 2.2. However, this latter case is 14 less realistic. Also the relative di erences with the other methods are larger in cases of low volatilities of the stock prices, since in these cases the interest rate volatility is more important in a relative sense. We must conclude with Ho et al. 1997 that stochastic interest rates have a signi cant impact on the early exercise value of American put options but that it is even larger than described by these authors.
Di erent shapes of the term structure
In this subsection we consider the in uence of the term structure of interest rate on the pricing of American puts. We consider three term structures, an upward sloping one with rt = 0:08 , 0:05 exp,0:18t, a downward sloping inverted one with rt = ,0:00353 + 0:05 exp,0:18t and a at term structure with rt = 0 :0382. All term stuctures considered have for the option maturity, which is one year, the same interest rate of 0.0382. We vary the volatility of the underlying stock and the correlation coe cient as before. The resulting prices are given in table 3. For all term structures the European prices are the same, given and , since all three term structures have the same one year interest rates. Hence, di erences are only due to the early exercise feature. We see that the early exercise premium is higher for the upward sloping term structure, than for the at term structure, which is again higher than for the downward sloping term structure. At rst sight, this seems counterintuitive since all interest rates for the upward sloping term structure are lower and early exercising does have a higher payo with higher interest rates. However, an upward sloping term structure implies higher forward interest rates and hence higher rates in the later part of the year during which the option runs. It is during this period that the underlying asset might h a ve a l o w enough price to make early exercise pro table.
Also in this table we see that for all term structures the European option value increases with increasing correlation between the stock price process and the interest rate process, while the early exercise premium decreases.
Conclusion
In this paper we introduced a new methodology to price American put options under stochastic interest rates. The method is a combination of an analytic approach and a binomial tree approach. We have constructed a binomial tree for the forward risk adjusted tree and calculate analytically the expected early exercise value in each point. The methodology might beapplied in other cases too.
Obviously, these include convertible bonds, since the underlying processes are again interest rate processes and stock prices, but also to other options where there are two underlying stochastic processes such as American lookback options or American average rate options. For American puts with stochastic interest rates the main conclusions from the numerical experiments are that the correlation between the stock price process and the interest rate process has di erent 16 in uences on the European option values and the early exercise premiums. This results in a nonmonotonic relation between this correlation and the American put option value. Furthermore, there is evidence that the early exercise premium due to stochastic interest rates is much larger than established before by other researchers. It follows from 18 that the volatility of the process ofSt is not constant.
To construct a recombining binomial tree we do not divide the interval 0; T in periods of equal length, but in periods of equal volatility. We chose time points 0 = t 0 t 1 t 2 : : : T n = T such that 
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European option value, forward rate adjusted tree American option value, forward rate adjusted tree Analytic value European option Table 1 shows the difference between American put option prices with and without stochastic interest rates. In case of stochastic rates the correlation between the underlying stock process and interest rate process is allowed to vary.
Columns (1) and (2) represent the parameter input for r, the continuously compounded risk-free rate, and σ1, the volatility of the underlying asset. The term structure of the interest rate process is flat. The strike price and the initial stock price are equal to 1. The time to maturity of the option is 1 year. Column (3) shows the European put option value, p, in case the interest rate process is non stochastic (i.e. it is fixed at rate r).
Column (4) shows the American put option values, P, in case the interest rate process is non stochastic. The next column shows the difference between P and p and should be interpreted as the early exercise value, eev, of the American option. Columns (5) to (10) show values similar to columns (3) and (4) under a stochastic interest rate process. The volatility, σ2, of the stochastic interest rate process is 0.01. The mean reversion rate, a, is equal to 0.1. The correlation between the interest rate process and the underlying stock price process for the columns (5) and (6), (7) and (8), (9) and (10) Table 2 shows the difference between American put option prices with and without stochastic interest rates using our approach in comparison to Geske and Johnson (1984) , Ho, Stapleton and Subrahmanyan (1997) and Chung (1997) . Underneath they will be denoted by GJ, HSS and C respectively.
Columns (1) to (3) are from GJ 's Table 1 . Columns (1) and (2) represent the parameter input for r, the continuously compounded risk-free rate, and σ1, the volatility of the underlying asset. The term structure of the interest rate process is flat. The strike price and the initial stock price are equal to 1. The time to maturity of the option is 1 year. Column (3) shows the European put option value, p, in case the interest rate process is non stochastic (i.e. it is fixed at rate r). Columns (4), (5), (6) and (7) show the American put option prices in case interest rates are non stochastic* using GJ's approach, HSS's approach with 200 binomial steps, C's approach with 200 steps and our approach with 100 steps.
Columns (8) and (9) show the American put option prices in case interest rates are stochastic using HSS's approach with 200 steps and C's approach with 200 steps respectively. These two columns were taken from C's Table 1 . In this case volatilities are 2 percent for bonds with a maturity of 1/2 year and the coefficient of correlation between the log stock price and the log zero-coupon bond price is 0.3.
Columns (10) and (11) show option values using our approach. To arrive at a bond price volatility of 2 percent, we set the parameters σ2 to 0.0595 and a to 0.1. The volatility of the underlying asset, σ1, was adjusted, in order to make the European put option price under stochastic interest rates equal the non stochastic equivalent. Like in HSS and C this was done to make stochastic and non stochastic results comparable. Column (10) shows the American put option value using Richardson extrapolation. This technique is similar to HSS and C. The American put option value is estimated by twice the value of an American option where early exercise is only allowed at t=1/2 minus the European option value. Column (11) shows the results using our approach in a tree with 100 steps.
*: For HSS and C non stochastic means setting the volatility of the bond at t=1/2 to 0.0002 percent and the correlation coefficient to 0. In our approach we consider the interest rate deterministic. However, taking the parameter settings the same as HSS and C does not change our results. Table 3 shows the difference between American put option prices with and without stochastic interest rates. In case of stochastic rates the term structure of the underlying interest rate process is allowed to vary.
Columns (1) represents the parameter input for r, the continuously compounded risk-free rate. The term structure can take three shapes:
(a) an upward sloping term structure, USTS, with r(t)=0.08-0.05exp(-0.18t), (b) a flat term structure, FTS, with r(t)=0.0382 and (c) a downward sloping term structure, DSTS, with r(t)=-0.00353+0.05exp(-0.18t).
Underneath this text these three term structures are represented in a graph.
Column (2) represents the volatility of the underlying asset, σ1. The strike price and the initial stock price are equal to 1. The time to maturity of the option is 1 year. Column (3) shows the European put option value, p, in case the interest rate process is non stochastic (i.e. it is fixed at rate r). Column (4) shows the American put option values, P, in case the interest rate process is non stochastic. The next column shows the difference between P and p and should be interpreted as the early exercise value, eev, of the American option. Columns (5) to (10) show values similar to columns (3) and (4) under a stochastic interest rate process. The volatility, σ2, of the stochastic interest rate process is 0.01. The mean reversion rate, a, is equal to 0.1. The correlation between the interest rate process and the underlying stock price process for the columns (5) and (6), (7) and (8), (9) 
